Asymptotic formulas for the number of subgroups of a given index of the free product of finitely many cyclic groups are given. The classical modular group F is discussed in detail, and a table of the number of subgroups of F of index n is given for 1 « n < 100.
asymptotic behavior of these numbers, and also give some tabular material for the case of the classical modular group.
These formulas have the common feature that the recurrence formulas associated with them have the same structure; and before considering questions of asymptotic behavior, we consider the formulas from a purely formal point of view. M^M'ï -~ifH»l\'hx\f*T2\ ---«S !.
This discussion implies an interesting formal identity, which we mention in passing.
If we consider (1) as a system of equations for M,, M2, . . . , Mn, then Cramer's rule implies the following: If A is the n x n matrix 1 2a2 3a, then
where Sk is given by (6). We now assume certain properties of the sequences a0, a,, a2, . . . , Mx, M2, M3, . . . , and use them to derive the following lemma, which will form the basis of the discussion of asymptotic properties that follows. Then An -> 0 as n -*■<*>. Proof. We may assume that n > 3. Since (")>(") for 2 < k < n -2, we have
Since An is positive, the result follows. We now use these lemmas to obtain our first asymptotic result:
Theorem 2. Let Mr(n) be the number of subgroups of index n of the free group of rank r, where r>2. Then
Proof. M. Hall's recurrence formula for Afr(/i) [2] states that « Z (n-k)\r-xMr(k) = n-n\r-x, n>\. The asymptotic behavior of t (n) for p prime was determined by L. Moser and M. Wyman in [3] , by means of the generating function (11). They showed that (13) Tp(n)~Kpe\J--n log n --n + «1/p where (14) K2 = 2-l/2e~v\ Kp=p-Vl, p>2.
It follows from (13), (14), and Stirling's formula that (15) T2(n)T3(n)/n\ ~ K exp/^ log n -£ + n1'2 + n1/3 -i-log «) ,
Of particular interest is the case r = C2 * C3, the classical modular group. We wish to show that in this case
This is rather more difficult than the problem for free groups of finite rank, and the asymptotic properties of the coefficients r2(n), T3(n) come into play. In a welldefined sense, this is the most difficult case. The coefficients in the recurrence formula grow least rapidly, corresponding to the fact that T has the smallest hyperbolic area of all noncompact Fuchsian groups. Further comments on this point will be made later on.
The basic problem will be to show that if (Here we have used the symmetry of the sum, and the facts that the terms in the exponent corresponding to -n/6 disappear, and that n/k(n -k) is bounded by an absolute constant for 1 < k < n -1.) Consider
Then a brief calculation shows that This will hold if and only if 6(k + 1) -6(k) < 8(n -k) -6(n -k -1).
We have
Assume that (18) 7<k<Kn-l.
Then fc+l<n -¿-1, and using the fact that 0'(x) is monotone increasing for x > 7, we get 6(k + 1) -0(jfc) = 0'(t + a,) < 0'(* + 1) < 0'(« -jfc -1)
It follows that (17) holds, provided that k satisfies (18). We state the consequence of this result as a lemma. Lemma 3. The function d(k) + 8(n -k) satisfies 8(k) + 0(n -Jfc) < 0(7) + 0(«-7), 7 < k < n/2.
We also remark that if k remains bounded, then (19) Hk) + 6(n -k)-0(tz) = -| log n + 0(1).
We can now prove A useful check on the computation is that if 72 = pe, where p is a prime and 72 > 3, then Mn = 0 mod p. This is so because T contains no normal subgroups of index 72.
